
CS 5229 (2014/2015) Written Assignment 
 

Submission Deadline: November 14th 2014 

Problem 1 

Denote 𝑆𝑖 as the service time for the 𝑖th customer arriving at the system. Suppose the system 

can serve the customers at a service rate of 𝜇. Show that the following relationship holds for 

the service time and service rate: 
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𝜇
= lim

𝑛→∞
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𝑛
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Problem 2 

Denote 𝑅 as the limiting residual time of a stationary process, defined as  

𝑅 = lim
𝑡→∞

𝑅(𝑡) = lim
𝑡→∞

𝑡𝑁(𝑡)+1 − 𝑡. 

Use Rate Conservation Law to derive the expectation of the 𝑛th moment E[𝑅𝑛]. You can 

assume the following without proof: 

lim
𝑡→∞
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= E[𝑅𝑛]. 

Problem 3 

Denote 𝑡𝑖 and 𝑡𝑖
𝑑 as the arrival and departure time of the ith customer to a system. Let 𝑋𝑖(𝑡) denote the 

length of time that the 𝑖th customer has already been in the system (the attained sojourn time), defined 

by 𝑋𝑖(𝑡) =  𝑡 − 𝑡𝑖 if 𝑡 ∈ [𝑡𝑖, 𝑡𝑖
𝑑] and 𝑋𝑖(𝑡) = 0 otherwise. 

Define 𝑥(𝑡)  = ∑  𝑋𝑖(𝑡)∞
𝑖=1 . Assume 𝑡1 = 1, 𝑡1

𝑑 = 3, 𝑡2 = 2, and 𝑡2
𝑑 = 4. Draw the function of 𝑥(𝑡) 

for 𝑡 ∈ [0,5].  Apply Rate Conservation Law to the function 𝑥(𝑡) and show your result. 

Problem 4 

Let {𝑁(𝑡), 𝑡 ≥ 0} be a Poisson process with rate 𝜆 > 0 and 𝑡1 be the arrival time of the first event. 

Calculate the following conditional probability: 

𝑃{𝑡1 < 𝑠 | 𝑁(𝑡) = 1}. 

 

 



Problem 5 

Let 𝑁(𝑡) is a Poisson process with rate 𝜆. Suppose each arrival is of type I or type II with probability 𝑝 

and 1 − 𝑝 independently. We denote 𝑁1(𝑡) and 𝑁2(𝑡) as the counting processes of type I and type II 

arrivals respectively. 

For any fixed time t, calculate the conditional probability 𝑃{𝑁1(𝑡)  =  𝑛, 𝑁2(𝑡)  =  𝑚|𝑁(𝑡)  = 𝑛 + 𝑚}.  

Show that for any fixed time t, 𝑁1(𝑡) and 𝑁2(𝑡) are independent Poisson random variables with 

parameter 𝜆𝑡𝑝 and 𝜆𝑡(1 − 𝑝), respectively. 

 

Problem 6  

Same as Problem 2, we denote 𝑅 as the limiting residual time of a stationary process. Show that under 

Poisson processes, the limiting residual time 𝑅 has the same distribution as the inter-arrival 

time  𝑇. (Hint: You can start with the result P(𝑅 > 𝑎) = 𝜆E[(𝑇 − 𝑎)+] derived from RCL and the 

following result might be useful: for any non-negative continuous random variable 𝑋, the 

expectation can be expressed as E[𝑋] = ∫ �̅�(𝑥)
∞

0
𝑑𝑥.) 

 

Problem 7 

Consider an M/M/1 system with parameters  𝜆, 𝜇 where customers are impatient. Upon arrival, 

when a customer sees 𝑘 existing customers in the system, it will join the queue with probability 

𝑒−𝛼𝑘/𝜇(or leave with probability 1 − 𝑒−𝛼𝑘/𝜇) for some positive number 𝛼. 

1) Find the steady-state distribution 𝝅 of the system. In particular, you can try to express 

𝜋𝑖  as a function of 𝜋0 first, and then express 𝜋0 using the system parameters. 

2) For 𝛼 → ∞, find 𝝅 and find the average number of customers in the system. 

 

Problem 8 

Consider an M/M/2/3 system with parameters 𝜆, 𝜇 and the following characteristic: when the 

system empties out service, it does not begin again until 2 customers are present in the system. 

Once service begins, it proceeds normally until the system becomes empty again. (Hint: You 

may want to express the system state as both the number of customers in queue and in service.) 

1) Draw the state transition diagram. 

2) Write down the balance equations. 



3) Solve the steady-state distribution 𝝅. 

4) Calculate the average number of customers in the system in the steady-state. 

 

Problem 9 

Consider an M/D/1 system with FIFO service disciple. If the arrival rate is 4 customers per 

second and each customer spends 0.2 seconds in the system, calculate the average queueing 

delay of the customers. 

 

Problem 10 

Consider an M/G/1 system with a non-preemptive priority queueing policy, where a lower 

index corresponds to a higher priority. Try to calculate to the following identity  

∑ 𝜌𝑗E[𝐷𝑗]

𝑖

𝑗=1

 

for any value 𝑖 = 1, ⋯ , 𝐼. (In class, we have shown the M/G/1 Conservation Law, which give you 

the answer for 𝑖 = 𝐼.) 

 

Problem 11 

 

Consider the above topology with three flows and three links. The three flows have demands 

𝑑1 = 4, 𝑑2 = 2 and 𝑑3 = 4. The three links have capacities 𝑅1 = 5, 𝑅2 = 8 and 𝑅3 = 5. Please 

identify the max-min fair allocation for the three flows and the bottleneck link(s). 

(The end.) 


